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Abstract









10 are obtained in N -dimensional space by the
Lagrange-mesh calculations for a wide range of values of the parameters. We discuss
the explicit dependence of these two potentials in higher-dimensional space. Using the
formalism of supersymmetric quantum mechanics, it is shown that exact solutions of these
potentials exist when the parameters satisfy certain constraints.
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1 Introduction
The technique of changing the independent coordinate has always been a useful tool in the solu-
tion of the Schro¨dinger equation. For one thing, this allows something of a systematic approach,
enabling one to recognize the equivalence of superficially unrelated quantum mechanical prob-
lems. An area where this can be interesting is one-body motion in a central potential. Many
recent papers [1,2, and the references therein] have addressed this old subject, and particular
emphasis has been placed on the power-law potentials which will be considered in this paper
in a novel perspective.
The problem of quantum anharmonic oscillators has been the subject of much discussion
for decades, both from an analytical and a numerical point of view, because of its important
applications in quantum-field theory [3], molecular physics [4], and solid-state and statistical
physics [5, 6]. Various methods, see the references in [1, 2], have been used successfully for the
one-dimensional anharmonic oscillators with various types of anharmonicities. Relatively less
attention has been given to the anharmonic oscillators in higher-dimensional space because of
the presence of angular-momentum states that make the problem more complicated. The recent
works [1, 2] have shown that there are many interesting features of the anharmonic oscillators
and the perturbed Coulomb problems in higher-dimensional space, and discussed the explicit
dependence of these two potentials.
Using the spirit of the works in Refs. [1, 2], we show the mappings between screened
Coulomb potentials and anharmonic oscillator potentials in N -dimensional space, which have
not been previously linked. The connection between these potentials are also checked numeri-
cally by the use of the Lagrange-mesh calculation technique [7, 8]. Highly accurate energies are
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obtained, which essentially agree with the best existing results in three-dimensions or improve
them.
Next we study the N -dimensional screened Coulomb problem and higher order anharmonic
osillators within the framework of supersymmetric quantum mechanics (SSQM) [9] and have
shown that SSQM yields exact solutions for a single state only for such quasi-exactly solvable
potentials in higher dimensions with some constraints on the coupling constants.
The procedure used here is elegant and simple, so that a student of quantum mechanics
should be able to appreciate it. We feel that the material presented here may be profitably
included in a graduate quantum mechanics course. Accordingly, we kept this article at a
pedagogical level and made it self-contained.
2 The Schro¨dinger equation in N-dimensional space


























Ψ = 2EΨ (2)
where Ψ(r) = r(N−1)/2R(r), the reduced radial wave function and M = N + 2`. Note that the
solutions for a particular central potential are the same as long as M remains unaltered. For
instance, the s-wave eigensolutions and eigenvalues in four-dimensional space are identical to
the p-wave solutions in two-dimensions.
We substitute r = αρ2/2 and R = F (ρ)/ρ and transform Eq.(1) to another Schro¨dinger-like













L(L+N ′ − 2)
2ρ2
F = [Eˆ − Vˆ (ρ)]F (3)
where
Eˆ − Vˆ (ρ) = Eα2ρ2 − α2ρ2V (αρ2/2) (4)
and α is a parameter to be adjusted properly. Note that leaving rescaling constant α arbitrary
for now gives us an additional degree of freedom. When we discuss bound state eigenvalues later,
we can use this to allow the values of the potential coefficients to be completely independent of
each other. Thus, by this transformation, the N -dimensional radial wave Schro¨dinger equation
with angular momentum ` can be transformed to a N ′ = 2N−2−2λ dimensional equation with
angular momentum L = 2`+ λ. The significant of the mapping parameter λ will be discussed
in the following section.
3 Mappings between the two distinct systems
A student of introductory quantum mechanics often learns that the Schrdinger equation can
be solved numerically for all angular momenta for the screened Coulomb and anharmonic
oscillator problems. Less frequently, the student is made aware of the relation between these
two problems, which are linked by a simple change of the independent variable discussed in
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detail through this section. Under this transformation, energies and coupling constants trade
places, and orbital angular momenta are rescaled. Thus, we have shown here that there is really
only one quantum mechanical, not two.
The static screened Coulomb potential
VSC(r) = −e2exp(−δr)/r (5)
where δ is a screening parameter, is known to describe adequately the effective interaction in
many-body environment of a variety of fields such as atomic, nuclear, solid-state and plasma
physics. In nuclear physics it goes under the name of the Yukawa potential (with e2 replaced by
another coupling constant), and in plasma physics it is commonly known as the Debye-Hu¨ckel
potential. Eq. (5) also describes the potential of an impurity in a metal and in a semiconductor.
Since the Schro¨dinger equation for such potentials does not admit exact analytic solutions,
various approximate methods [10, 11, and the references therein], both analytic and numerical,
have been developed.
For the purpose of clarity and concreteness in mapping the screened Coulomb systems into
the anharmonic oscillator systems, we choose the screened Coulomb potential with low screening
parameters such that































+ a2 + a3r + a4r
2, a2 < 0, a4 < 0 (7)
for the potential in (6) and identify V+(r) supersymetric partner potential with the correspond-
ing effective potential so that
V+(r) = W




+ [a22 + a3(2a1 + 1)] + (2a2a4 + a
2
3)r













(M − 1)(M − 3)
4r2
− 2En=0 (8)
where n = 0, 1, 2, ... is the radial quantum number and its connection to the principal quantum
number np, which denotes the energy levels, is known as np = n+ `+1. The relations between






M − 1 , a3 = −
A5√
2A6
, a4 = −
√
2A6 (9)
Note that in order to retain the well-behaved solution at r → 0 and at r →∞ we have chosen














where N0 is the normalization constant, with the physically acceptable eigenvalues


















The results obtained agree with those in Ref. [12].
If we choose α2 = 1/|En=0| in Eq. (4), the screened Coulomb problem in (6) with eigenvalue
























Thus, the system given by Eq. (6) in N -dimensional space is reduced to another system
defined by Eq. (13) in N ′ = 2N − 2− 2λ dimensional space. In other words, by changing the
independent variable in the radial Schro¨dinger equation, we have been able to demonstrate a
close equivalence between the screened Coulomb potential and anharmonic oscillator potentials.
For almost two decades, the study of higher order anharmonic potentials have been much
more desirable to physicists and mathematicians in understanding a few newly discovered phe-
nomena such as structural phase transitions [13], polaron formation in solids [14], and the
concept of false vacuo in the field theory [15]. Unfortunately, in these anharmonic potentials,
not much work has been carried out on the octic potential except the works in Refs. [16, 18].
Our investigation in N -dimensional space, beyond showing an explicit connection between two
distinct systems involving potentials of type (6) and (13), would also be helpful to the litera-
ture regarding the solutions of octic potentials in arbitrary dimensions due to the recent wide
interest in the lower-dimensional field theory.
For the anharmonic oscillator potential in (13), we set the corresponding superpotential
W (r) = ar5 + br3 +
c
r
















with C0 being the corresponding normalization constant, and identifying V+(r) with the effective
potential we arrive at an expression for the physically meaningful ground state eigenvalues of





















|En=0|5/2 , c =












As we are dealing with a confined particle system, the negative values for a and d would
of course be the right choice to ensure the well behaved nature of the wave function behaviour
at the origin and at infinity. Our results are in agreement with the literature existing for
three-dimensions [16, 17] (in case N ′ = 3, L) and for two-dimensions [18] (in case N ′ = 2, L→
L− 1/2).
To show explicitly the physics behind this transformation, we return back to Eq. (8) and
consider the relation between the parameters
A4 = a2a4 +
a23
2




M − 1 (19)
and the substitution of Eq. (19) into Eq.(17) leads to





To be in consistent with Eq. (14) we must impose 0 ≤ λ ≤ 1 as an integer, such that
M ′
M − 1 =
2(N − 1− λ) + 2(2`+ λ)
N + 2`− 1 = 2 (21)
It is a general feature of this map that , in both cases (λ = 0, 1), the spectrum of the
N -dimensional screened Coulomb problem is related to half the spectrum of the N ′-dimension
anharmonic oscillator for any even integer N ′. The reader is referred to [19, 20] for a compre-
hensive discussion of similar conformal mappings in the language of physics.
It is worthwhile at this stage to note that recently Chaudhuri and Mondal [1] studied the re-
lations between anharmonic oscillators and pertrurbed Coulomb potentials in higher dimensions
but their results correspond only to the case when λ = 1, in this case the three-dimensional
perturbed Coulomb problem and the four-dimensional anharmonic oscillator cannot be re-
lated. However, by introducing an extra degree of freedom for the mapping parameter (λ = 0)
through our equations, we can reproduce the well-known results found in the literature in
three-dimensions. With this exact correspondence we can check Eq. (14), using exact results
for the screened Coulomb potential, and calculated numerical results for the octic anharmonic
oscillator potential.
4 Results and Discussion
In this section numerical applications of the transformation presented in the previous section are
given. Calculations to check the validity of the equations developed for the screened Coulomb
and the octic anharmonic potentials are also given here. Table I displays the exact eigenvalues
of the screened Coulomb potential in three-, and five-dimensions obtained using the Lagrange-
mesh calculation for selected values of the potential parameters. Highly accurate Lagrange-mesh
calculation results agree well with the best existing numerical and theoretical values obtained
in three-dimensions [10, 11]. Due to the constraint in the potential parameter A1 expressed
in Eq. (12), we are not able to show in the same table the corresponding exact energy values
which may be calculated by Eq. (11). For the work of interest in this paper we set A1 = −1,
consequently the adequate δ-values satisfying the condition in Eq. (12) fall outside the scope
of the presented work which has been performed for only low screening parameters.
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Further, our calculation results shown in Table I make clear that the eigenvalues of the
five-dimensional screened Coulomb problem with any angular momentum quantum number `,
for a particular δ value, is equal to the same system with ` + 1 in three-dimensions, due to
M = N + 2` which remains unaltered for these states.
It is also noted that for very small values of the screening parameter, the screening Coulomb
potential reduces to the Coulomb potential that is shape invariant having supersymmetric
character. Therefore, the related supersymmetric partner potentials, such as V` and V`+1, are
expected to have the same spectra except the ground-state energy. This can easily be seen in
Table I for the case of δ = 0.001 in both arbitrary dimensions. For instance, the supersymmetric
partner of the s-orbital (` = 0) spectrum of hydrogen is the p-orbital (` = 1) spectrum of the
same system.
Finally, the exact calculated eigenvalues, by the use of Eq. (14), for the octic oscillator
in four-dimensions from the known exact results for the screened Coulomb problem in three-
dimensions are displayed in Table II. These eigenvalues are checked by the Lagrange-mesh
calculations and tabulated in the same table. The agreement is in general very good.
5 Concluding Remarks
The mapping problems in arbitrary dimensions have been the subject of several papers and have
served to illustrate various aspects of quantum mechanics of considerable pedagogical value. As
the objective of this presentation we have been highlighted a different facet of these studies and
established a very general connection between the screened Coulomb and anharmonic oscillator
potentials in higher dimensional space through the application of a suitable transformation, the
purpose being the emphasize the pedagogical value residing in this interrelationship between
two of the most practical applications of quantum mechanics. Although much work had been
done in the literature on similar problems, an investigation as the one we have discussed in this
paper was missing to our knowledge. As a concluding remark, though we have demonstrated
the usefulness of the transformation technique used in this work in the case of specifically chosen
potentials, the model is quite general and finds its applications to a class of other central and
non-central potentials. We intend to return to a detailed discussion of such applications in a
future paper.
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Table 1: The first four eigenvalues of the screening Coulomb potential in Eq. (6) as a function
of the screening parameter in atomic units.
In three-dimensional space
σ ` n=0 n=1 n=2 n=3
0.001 0 -0.499 000 -0.124 003 -0.054 562 -0.030 262
1 -0.124 002 -0.054 561 -0.030 261 -0.019 018
2 -0.054 561 -0.030 260 -0.019 017 -0.012 914
0.005 0 -0.495 019 -0.120 074 -0.050 720 -0.026 537
1 -0.120 062 -0.050 708 -0.026 526 -0.015 428
2 -0.050 684 -0.026 503 -0.015 406 -0.009 474
0.010 0 -0.490 075 -0.115 293 -0.046 199 -0.022 356
1 -0.115 245 -0.046 153 -0.022 313 -0.011 622
2 -0.046 061 -0.022 228 -0.011 543 -0.006 070
0.020 0 -0.480 296 -0.106 148 -0.038 020 -0.015 377
1 -0.105 963 -0.037 852 -0.015 232 -0.005 891
2 -0.037 515 -0.014 939 -0.005 653 -0.001 521
0.025 0 -0.475 461 -0.101 776 -0.034 329 -0.012 495
1 -0.101 492 -0.034 079 -0.012 287 -0.003 770
2 -0.033 573 -0.011 865 -0.003 458 0.000 253
In five-dimensional space
0.001 0 -0.124 002 -0.054 561 -0.030 261 -0.019 018
1 -0.054 561 -0.030 260 -0.019 017 -0.012 914
2 -0.030 259 -0.019 016 -0.012 912 -0.009 237
0.005 0 -0.120 062 -0.050 708 -0.026 526 -0.015 428
1 -0.050 684 -0.026 503 -0.015 406 -0.009 474
2 -0.026 468 -0.015 373 -0.009 443 -0.005 961
0.010 0 -0.115 245 -0.046 153 -0.022 313 -0.011 622
1 -0.046 061 -0.022 228 -0.011 543 -0.006 070
2 -0.022 099 -0.011 425 -0.005 965 -0.002 980
0.020 0 -0.105 963 -0.037 852 -0.015 232 -0.005 891
1 -0.037 515 -0.014 939 -0.005 653 -0.001 521
2 -0.014 491 -0.005 286 -0.001 263 0.000 885
0.025 0 -0.101 492 -0.034 079 -0.012 287 -0.003 770
1 -0.033 573 -0.011 865 -0.003 458 0.000 253
2 -0.011 216 -0.002 974 0.000 524 0.003 087
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Table 2: Ground-state eigenvalues of the octic anharmonic potential in Eq. (13)
In four-dimensional space
σ ` L |En=0| Eˆn=0 Eˆn=0
(taken from Table I) Lagrange-mesh calculations Exact value (Eq. 14)
0.001 0 0 0.499 000 2.831 259 2.831 259
1 2 0.124 002 5.679 579 5.679 573
2 4 0.054 561 8.562 285 8.562 268
0.005 0 0 0.495 019 2.842 624 2.842 622
1 2 0.120 062 5.772 014 5.772 012
2 4 0.050 684 8.883 704 8.883 714
0.010 0 0 0.490 075 2.856 927 2.856 924
1 2 0.115 245 5.891 401 5.891 406
2 4 0.046 061 9.318 882 9.318 871
0.020 0 0 0.480 296 2.885 862 2.885 862
1 2 0.105 963 6.144 014 6.144 024
2 4 0.037 515 10.325 883 10.325 891
0.025 0 0 0.475 461 2.900 499 2.900 498
1 2 0.101 492 6.277 884 6.277 896
2 4 0.033 573 10.915 282 10.915 281
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